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LACUNARY WALSH SERIES IN REARRANGEMENT
INVARIANT SPACES
JAVIER CARRILLO–ALANI´S
Abstract. We prove that the classical results by Rodin and Semenov and by
Lindenstrauss and Tzafriri on the subspace generated by the Rademacher system
in rearrangement invariant spaces also hold for lacunary Walsh series.
1. Introduction
The Rademacher functions are
rk(t) := sign sin(2
kπt), t ∈ [0, 1], k ≥ 1.
The Rademacher system (rk) is orthonormal, not complete, independent and iden-
tically distributed on [0, 1]. Its behavior in rearrangement invariant function spaces
has been pretty well studied. Khintchine inequality, [8], and the theorems by Rodin
and Semenov and Lindenstrauss and Tzafriri are among the core results on this topic.
Theorem 1 (Khintchine inequality). Given 0 < p < ∞, there exist constants
Ap, Bp > 0 such that
Ap
(∑
k≥1
a2k
)1/2
≤
∥∥∥∑
k≥1
akrk
∥∥∥
Lp([0,1])
≤ Bp
(∑
k≥1
a2k
)1/2
,
for all (ak) ∈ ℓ2.
Rodin and Semenov characterized those rearrangement invariant spaces X for
which Khintchine inequality holds with X in place of Lp, [11, Theorem 6]. Denote
by G the closure in L∞ of the Orlicz space LM2 generated by M2(t) := exp(t
2)− 1.
Theorem 2 (Rodin and Semenov). Let X be a rearrangement invariant space on
[0, 1]. The following conditions are equivalent:
i) There exist constants AX , BX > 0 such that the inequality
AX
(∑
k≥1
a2k
)1/2
≤
∥∥∥∑
k≥1
akrk
∥∥∥
X
≤ BX
(∑
k≥1
a2k
)1/2
holds for all (ak) ∈ ℓ2.
Partially supported by MTM2015-65888-C4-1-P.
1
LACUNARY WALSH SERIES IN R.I. SPACES 2
ii) The continuous embedding G ⊂ X holds.
The complementability of the closed linear subspace [rk]X generated by the Rade-
macher system in a rearrangement invariant space X was also characterized by means
of the space G, [10, Theorem 2.b.4] and [12]. Denote by X ′ the associate space of X .
Theorem 3 (Rodin and Semenov, Lindenstrauss and Tzafriri). Let X be a rearrange-
ment invariant space on [0, 1]. The following conditions are equivalent:
i) The subspace [rk]X is complemented in X.
ii) The continuous embeddings G ⊂ X and G ⊂ X ′ hold.
The Walsh system (wk) on [0, 1] consists of all finite products of Rademacher
functions. Unlike the Rademacher system, the Walsh system is complete and not
independent. However, Sagher and Zhou showed that Khintchine inequality also
holds for lacunary sequences of Walsh functions, [14, Theorem 1].
Theorem 4 (Sagher and Zhou). Given 0 < p < ∞ and q > 1, there exist con-
stants A(p, q), B(p, q) > 0 such that, for any sequence (wnk) of Walsh functions with
nk+1/nk ≥ q > 1 for all k ≥ 1, the inequalities
A(p, q)
( ∞∑
k=1
a2k
)1/2
≤
∥∥∥
∞∑
k=1
akwnk
∥∥∥
Lp([0,1])
≤ B(p, q)
( ∞∑
k=1
a2k
)1/2
hold for all (ak)
∞
1 ∈ ℓ2.
In this paper we show that Theorem 2 and Theorem 3 also hold for lacunary
sequences of Walsh functions (Theorem 11 and Theorem 13).
We also consider local versions of Khintchine inequality. The first local result was
given by Zygmund for L2, [16, Lemma V.8.3].
Lemma 5 (Zygmund). There exist constants A′2, B
′
2 > 0 such that, for any set
E ⊂ [0, 1] with m(E) > 0, there exists N = N(E) such that
A′2
(∑
k≥N
a2k
)1/2
≤
(∫
E
∣∣∣∑
k≥N
akrk
∣∣∣2 dm
m(E)
)1/2
≤ B′2
(∑
k≥N
a2k
)1/2
,
for all (ak) in ℓ
2.
Zygmund’s local result has been generalized in two different directions: first, by
considering rearrangement invariant function spaces X with G ⊂ X ⊂ L2 (see, for
example, [2], [3], [5], [6], [13] and [15]); and second, by considering lacunary sequences
of Walsh functions in place of the Rademacher system. In this regard, Sagher and
Zhou proved the following result, [14, Theorem 2].
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Theorem 6 (Sagher and Zhou). Given 0 < p <∞ and q > 1, there exist constants
A′(p, q), B′(p, q) > 0 such that for any set E ⊂ [0, 1] of positive measure, there exists
N = N(E, q) so that for any sequence (wnk) of Walsh functions with nk+1/nk ≥ q > 1
for all k ≥ 1, the inequalities
A′(p, q)
( ∞∑
k=1
a2k
)1/2
≤
( ∫
E
∣∣∣∑
k≥N
akwnk
∣∣∣p dm
m(E)
)1/p
≤ B′(p, q)
( ∞∑
k=1
a2k
)1/2
hold for all (ak)
∞
1 ∈ ℓ2.
We extend this local result for lacunary sequences of Walsh functions on Lp to the
space LM2 of functions of square exponential integrability (Theorem 7).
2. Preliminaries
A Banach function space over [0, 1] is a linear subspace X of measurable functions
on [0, 1], endowed with a complete norm ‖ · ‖X , such that g ∈ X and |f | ≤ |g| a.e.
implies f ∈ X and ‖f‖X ≤ ‖g‖X. The associate space X ′ of a Banach function space
X consists of all measurable functions g on [0, 1] for which the associate functional
‖g‖X′ := sup
{∣∣∣
∫ 1
0
fg dm
∣∣∣ : ‖f‖X ≤ 1
}
is finite. The inclusion X ′ ⊂ X∗ always holds between the associate space X ′ and the
dual Banach space X∗. The spaces X ′ and X∗ are isomorphic if and only if X has
absolutely continuous norm (that is, order bounded increasing sequences are norm
convergent).
We denote the distribution function of a measurable function f on [0, 1] bymf (λ) :=
m({x ∈ [0, 1] : |f(x)| > λ}), for all λ > 0. A Banach function space X over [0, 1] is re-
arrangement invariant (r.i.) if mf = mg and f ∈ X imply g ∈ X and ‖g‖X = ‖f‖X .
The associate space X ′ of an r.i. space X is an r.i. space.
The second associate space of X is X ′′ := (X ′)′. The embedding X ⊂ X ′′ holds
for any Banach function space X . A Banach function space X satisfies the Fatou
property if fn ∈ X with ‖fn‖X ≤ M for all n ≥ 1 and 0 ≤ fn ≤ fn+1 ր f a.e.
implies that f ∈ X and ‖f‖X = supn ‖fn‖X . A Banach function space X satisfies
the Fatou property if and only if X ′′ coincides with X .
For X an r.i. space on [0, 1], the embeddings L∞ ⊂ X ⊂ L1 hold. Denote by X0
the closure of L∞ in X .
A Banach space X on [0, 1] for which the continuous embeddings L∞ ⊂ X ⊂ L1
hold is called an intermediate space between L1 and L∞. The space X is called
an interpolation space if, for every linear operator T such that T : L1 → L1 and
T : L∞ → L∞ are continuous, then T : X → X is continuous.
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Interpolation spaces between L1([0, 1]) and L∞([0, 1]) are (after renorming if nec-
essary) rearrangement invariant, and rearrangement invariant spaces which satisfy
the Fatou property or are separable are interpolation spaces between L1([0, 1]) and
L∞([0, 1]) (for precise details, see [9, Chp. II, §4]).
A Young function is as function of the form
Φ(s) =
∫ s
0
φ(t) dt,
where φ : [0,+∞)→ [0,+∞) is increasing, left–continuous and φ(0) = 0. The Orlicz
space LΦ generated by a Young function Φ consists of all measurable functions f on
[0, 1] for which the norm
‖f‖LΦ := inf
{
λ > 0 :
∫ 1
0
Φ(|f |/λ) dm ≤ 1
}
is finite. The space G := (LM2)0, where L
M2 is the Orlicz space generated byM2(t) :=
exp(t2)− 1, is of particular interest in the study of the Rademacher system.
We consider the Walsh system according to Paley’s numbering, that is, w0 := 1,
and for k = a12
0 + . . .+ an2
n−1 with a0, . . . , an ∈ {0, 1},
wk := r
a1
1 · . . . · rann .
A sequence (wnk) of the Walsh system is q–lacunary if nk+1/nk ≥ q > 1 for all k ≥ 1.
Since w2n = rn+1, the Rademacher system (rk) is a 2–lacunary sequence of Walsh
functions.
For details on the theory of rearrangement invariant spaces, see [4], [9] and [10].
3. When is the subspace [wnk ]X isomorphic to ℓ
2?
We start proving an extension of the local version of Khintchine inequality for
lacunary sequences of Walsh functions on Lp by Sagher and Zhou (Theorem 6). To
this aim we introduce the following concept.
Given a set E ⊂ [0, 1] withm(E) > 0, consider the mapping ρE : E → [0, 1] defined
as ρE(x) := m(E ∩ [0, x])/m(E), x ∈ [0, 1]. There exist sets A1 ⊂ E and A2 ⊂ [0, 1]
of measure zero such that ρE : E \ A1 → [0, 1] \ A2 is bijective. For X an r.i. space
on [0, 1], the local space X|E consists of all measurable functions f on E for which
the norm
‖f‖X|E := ‖f ◦ ρ−1E ‖X
is finite. Here, ρ−1E is the left continuous inverse of the increasing function ρE . The
space X|E is an r.i. space on E endowed with the measure
mE(A) :=
m(E ∩A)
m(E)
, A ⊂ E, A measurable.
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The spaces Lp|E and LMp|E coincide with the spaces in the local results by Zygmund
for L2 (Lemma 5), Sagher and Zhou for Lp and LM1 (see [13], [14] and [15]) and
Carrillo–Alan´ıs for LM2 [5, Theorem 4], that is, for 0 < p <∞,
‖f‖Lp|E =
(∫
E
|f |p dm
m(E)
)1/p
,
and, for Mp(t) := exp(t
p)− 1, p > 0,
‖f‖LMp |E := inf
{
λ > 0 :
∫
E
Mp(|f |/λ) dm
m(E)
≤ 1
}
.
The definition of X|E allows us to consider a local space on E in the cases when an
explicit expression of the norm of X is not available (see [6] for details).
Then, we have the following result for LM2 |E.
Theorem 7. Let q > 1 and E ⊂ [0, 1] be a set of positive measure. Consider the
space LM2 (of functions of square exponential integrability). There exist constants
A′(M2, q), B
′(M2, q) > 0 and N = N(E) such that, for any q–lacunary sequence
(wnk) of Walsh functions with nk ≥ N for all k ≥ 1, we have
A′(M2, q)
( ∞∑
k=1
a2k
)1/2
≤
∥∥∥∑
k≥1
akwnk
∥∥∥
LM2 |E
≤ B′(M2, q)
( ∞∑
k=1
a2k
)1/2
,
for all (ak)
∞
1 ∈ ℓ2.
Proof. We will use the inequality
(1) B′(2n, q) ≤ (1 +
√
2)(2 + 2α)1/2nn1/2
for the constant B′(p, q) in Theorem 6, where α is the least integer such that qα ≥ 2
when 1 < q < 2, and α = 0 when q ≥ 2. This inequality is not explicitly stated
in [14], but it follows from the proof of Theorem 6.
Let N = N(E) be as in Theorem 6. The left–hand side inequality follows from the
embedding LM2 ⊂ L1, which implies LM2 |E ⊂ L1|E, and from Theorem 6 for p = 1.
Thus, for some constant C1 > 0,
C1A
′(1, q)
( ∞∑
k=1
a2k
)1/2
≤ C1
∥∥∥∑
k≥1
akwnk
∥∥∥
L1|E
≤
∥∥∥∑
k≥1
akwnk
∥∥∥
LM2 |E
,
for any q–lacunary sequence (wnk) with nk ≥ N and (ak)∞1 ∈ ℓ2.
In order to prove the right–hand side inequality, let
f :=
∑
k≥1
akwnk .
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We proceed as in the proof of Theorem 4 of [5], replacing [5, Lemma 5] by (1). From
the power series expansion of exp(t2)− 1 and Theorem 6 for p = 2n, we have∫
E
(
exp |f(t)/λ|2 − 1) dt
m(E)
=
∑
n≥1
1
n!λ2n
∫
E
∣∣∣∑
k≥1
akwnk(t)
∣∣∣2n dt
m(E)
≤
∑
n≥1
B′(2n, q)2n
n!λ2n
‖(ak)∞1 ‖2n2 .
It follows, applying Stirling’s formula, that for some absolute constant C2 > 0,∫
E
(
exp |f(t)/λ|2 − 1) dt
m(E)
≤
∑
n≥1
(
(1 +
√
2)(2 + 2α)1/2nn1/2
)2n
n!λ2n
‖(ak)∞1 ‖2n2
= (2 + 2α)
∑
n≥1
(1 +
√
2)2nnn
n!λ2n
‖(ak)∞1 ‖2n2
≤ C2(2 + 2α)
∑
n≥1
((1 +√2)2e
λ2
‖(ak)∞1 ‖22
)n
.
From this inequality it follows, as in the proof of Theorem 4 of [5], that there exists
a constant B′(M2, q) > 0 such that∥∥∥∑
k≥1
akwnk
∥∥∥
LM2 |E
≤ B′(M2, q)
( ∞∑
k=1
a2k
)1/2
,
and so the proof is complete. 
Remark 8. (i) Note that α establishes the dependence between B′(M2, q) and q in
Theorem 7. In particular, since q ≥ 2 implies α = 0, the constant B′(M2, q) is the
same for all q ≥ 2.
(ii) The non–local case of Theorem 7, i.e. for E = [0, 1], is referred to in [7, p. 247].
The next result is a consequence of Theorem 7.
Corollary 9. Let q > 1 and E ⊂ [0, 1] be a set of positive measure. Given an r.i.
space X with G ⊂ X, there exist constants A′(X, q), B′(X, q) > 0 and N = N(E)
such that, for any q–lacunary sequence (wnk) of Walsh functions with nk ≥ N for all
k ≥ 1, we have
A′(X, q)
( ∞∑
k=1
a2k
)1/2
≤
∥∥∥∑
k≥1
akwnk
∥∥∥
X|E
≤ B′(X, q)
( ∞∑
k=1
a2k
)1/2
,
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for all (ak)
∞
1 ∈ ℓ2.
Proof. It follows from Theorem 7, Theorem 6 for p = 1, and from the fact that
G ⊂ X ⊂ L1 implies G|E ⊂ X|E ⊂ L1|E. 
Note that, in the particular case when X = Lp, Corollary 9 coincides with the local
result for lacunary Walsh series in Theorem 6. On the other hand, since rn+1 = w2n ,
Corollary 9 also allows us to recover the local results for the Rademacher system
in [5], [6], [13] and [15].
Our next aim is to extend Theorem 2 to lacunary series of Walsh functions. The
next technical result is needed. The dyadic intervals of order n are Ink := (k/2
n, (k+
1)/2n), for n ≥ 0 and 0 ≤ k ≤ 2n − 1.
Lemma 10. Let q ≥ 2 and (wnk) be a q–lacunary sequence of Walsh functions.
Then, for any M ≥ 1 and (ak) ∈ ℓ2, the functions
RM :=
M∑
k=1
akrk and WM :=
M∑
k=1
akwnk
have the same distribution function.
Proof. We proceed by induction on M . For M = 1, we have |W1| = |R1|.
Since WM is a finite sum of Walsh functions, it is constant on the dyadic intervals
of order N , where N is such that 2N−1 ≤ nM < 2N . For εi = ±1, consider the set
A(ε1, . . . , εM), where wM takes the value a1ε1 + . . . + aMεM . Since A(ε1, . . . , εM)
consists of a finite union of dyadic intervals of order less or equal than 2N , we have
WM =
∑
ε1,...,εM=±1
(ε1a1 + . . . εMaM )χA(ε1,...,εM ),
with m(A(ε1, . . . , εM)) = 1/2
M .
Assume thatWM and RM have the same distribution function. From the fact that
nM+1/nM ≥ 2 it follows that nM+1 ≥ 2N , and so the order of wM+1 is greater or
equal than N +1. It follows that each set A(ε1, . . . , εM) can be divided into two sets,
A(ε1, . . . , εM , 1) and A(ε1, . . . , εM ,−1), consisting on finite unions of dyadic intervals
of order less or equal than N+1, both of the same measure, where wM+1 takes values
1 and −1. Thus, WM+1 has the same distribution function that RM+1. 
We prove a version of Theorem 2 for lacunary sequences of Walsh functions.
Theorem 11. Let X be an r.i. space on [0, 1]. The following conditions are equiva-
lent.
(i) The continuous embedding G ⊂ X holds, that is, there exists a constant C > 0
such that
‖f‖X ≤ C‖f‖LM2
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for all f ∈ L∞.
(ii) For any q > 1, there exist constants A(X, q), B(X, q) > 0 such that
A(X, q)
( ∞∑
k=1
a2k
)1/2
≤
∥∥∥∑
k≥1
akwnk
∥∥∥
X
≤ B(X, q)
( ∞∑
k=1
a2k
)1/2
,
for all (ak)
∞
1 ∈ ℓ2, and any q–lacunary system (wnk) of Walsh functions.
(iii) There exist a sequence (nk) and constants A(X), B(X) > 0 such that
A(X)
( ∞∑
k=1
a2k
)1/2
≤
∥∥∥∑
k≥1
akwnk
∥∥∥
X
≤ B(X)
( ∞∑
k=1
a2k
)1/2
,
for all (ak)
∞
1 ∈ ℓ2.
Proof. (i) ⇒ (ii) Assume that G ⊂ X . Since for any r.i. space X the continuous
embedding X ⊂ L1 holds, then (ii) follows from Theorem 4 for p = 1 and from
Theorem 7 with E = [0, 1].
(ii)⇒ (iii) Is clear.
(iii)⇒ (i) To show (i) it suffices to assume that the right–hand side inequality in
(iii) holds, that is, for some constant B(X) > 0,
∥∥∥∑
k≥1
akwnk
∥∥∥
X
≤ B(X)
( ∞∑
k=1
a2k
)1/2
,
for any (ak)
∞
1 ∈ ℓ2. Consider a subsequence (mk) ⊂ (nk) such that mk+1/mk ≥ 2 for
all k ≥ 1, and let
sn :=
1√
n
n∑
k=1
wmk , vn :=
1√
n
n∑
k=1
rk.
Then, from Lemma 10, sn and vn have the same distribution function, for all n ≥ 1.
From (iii), we have ‖sn‖X ≤ B(X). Thus,
‖vn‖X = ‖sn‖X ≤ B(X),
and so vn ∈ X , and vn are uniformly bounded in norm. Following the steps of
the proof of Theorem 2 by Rodin and Semenov (see [11, Theorem 6]), vn ∈ X
with ‖vn‖X ≤ B(X) for all n ≥ 1 implies, via the Central Limit Theorem, that
G ⊂ X . 
Remark 12. Let (wnk) be a q–lacunary sequence of Walsh functions, X an r.i. space
on [0, 1] and (ak) ∈ ℓ2 with
∑
k≥1 akrk ∈ X .
If q ≥ 2, then it follows from Lemma 10 that∥∥∥∑
k≥1
akwnk
∥∥∥
X
=
∥∥∥∑
k≥1
akrk
∥∥∥
X
.
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Combining this fact together with the results mentioned in Introduction, we get at
once Theorems 7 and 11 in the case when q ≥ 2.
Consider now the case 1 < q < 2. From [1, Theorem 8.1(d)] and Theorem 6 we
have that (wnk) is majorized in distribution by (rk), that is, there exists a constant
C > 1 such that
m
({
t ∈ [0, 1] :
∣∣∣
M∑
k=1
akwnk(t)
∣∣∣ > λ}) ≤ Cm({t ∈ [0, 1] :
∣∣∣
M∑
k=1
akwnk(t)
∣∣∣ > λ
C
})
,
for all λ > 0, M ∈ N and a1, . . . , aM ∈ R. From the boundedness on any r.i. space
X of the dilation operator σ1/C ,
(σ1/Cf)(t) := f(t/C), f ∈ X, 0 < t < C,
with norm ‖σ1/C‖X ≤ C, it follows that∥∥∥∑
k≥1
akwnk
∥∥∥
X
≤ C2
∥∥∥∑
k≥1
akrk
∥∥∥
X
.
Note that this inequality suffices in order to prove Theorem 7 for E = [0, 1], and
it also holds even in the case when G * X . The opposite majoration, that is, (rk)
being majorized in distribution by (wnk), is an open problem for which we have not
found any references. It is a relevant question in the context of this paper, since
it would imply that lacunary Walsh series and Rademacher series have equivalent
norms in any r.i. space.
4. Complementability
The main result of this section is the following.
Theorem 13. Let X be an r.i. space on [0, 1] which is an interpolation space between
L1([0, 1]) and L∞([0, 1]). The following conditions are equivalent.
(i) The continuous embeddings G ⊂ X and G ⊂ X ′ hold, that is, there exist
constants C,C ′ > 0 such that
‖f‖X ≤ C‖f‖LM2 , ‖f‖X′ ≤ C ′‖f‖LM2 ,
for all f ∈ L∞.
(ii) For any q > 1 and any q–lacunary sequence (wnk) of Walsh functions, the space
[wnk ]X is complemented in X.
(iii) There exists q > 1 and a q–lacunary sequence (wnk) of Walsh functions such
that [wnk ]X is complemented in X.
The proof follows the ideas of [10, Theorem 2.b.4] and [12]. We need some auxiliary
results.
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Proposition 14. Let X be an r.i. space on [0, 1] which is an interpolation space
between L1([0, 1]) and L∞([0, 1]), and (wnk) a q–lacunary subsequence of the Walsh
system with q > 1. Then, (wnk) is a basic sequence in X.
Proof. The case when q ≥ 2 follows from Lemma 10 and from the fact that (rk) is a
basic sequence in X .
Let 1 < q < 2. For s ∈ N, denote by Isj = (j/2s, (j+1)/2s) the dyadic intervals of
order s, 0 ≤ j ≤ 2s − 1, and consider the averaging operator
Asf :=
2s−1∑
j=0
( 1
m(Isj )
∫
Isj
f dm
)
χIsj , f ∈ L1([0, 1]).
The operators As : X → X are uniformly bounded (see [9, II,§3.2]).
Let 0 ≤ k < 2s. Since wk is constant on χIsj for 0 ≤ j ≤ 2s − 1, we have
As(wk) = wk, 0 ≤ k < 2s.
On the other hand, noting that for k ≥ 2s and 0 ≤ j ≤ 2s − 1,∫
Isj
wk dm = 0,
it follows that As(wk) = 0, k ≥ 2s.
Let M,N ∈ N with M < N . Note, for 1 ≤ j ≤ N , that
(2) |aj| =
∣∣∣
∫ 1
0
( N∑
k=1
akwnk
)
wnj dm
∣∣∣ ≤
∥∥∥
N∑
k=1
akwnk
∥∥∥
L1
≤ C1
∥∥∥
N∑
k=1
akwnk
∥∥∥
X
,
where C1 denotes the constant in the continuous embedding X ⊂ L1.
There are two cases. Suppose first that there exists s ∈ N such that 2s−1 ≤ nM <
2s ≤ nN . Let L such that nL < 2s ≤ nL+1, with M ≤ L < L+ 1 ≤ N . Then,
M∑
k=1
akwnk = As
( N∑
k=1
akwnk
)
−
L∑
k=M+1
akwnk .
Note that the last sum vanishes in the case when M = L. It follows that
∥∥∥
M∑
k=1
akwnk
∥∥∥
X
≤
∥∥∥As
( N∑
k=1
akwnk
)∥∥∥
X
+
L∑
k=M+1
|ak|ϕX(1),
where ϕX(t) := ‖χ[0,t]‖X , 0 ≤ t ≤ 1, denotes the fundamental function of the space
X .
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Suppose next that there exists s ∈ N such that 2s ≤ nM < nN < 2s+1 (in this case
necessarily 1 < q < 2). Let L such that nL < 2
s ≤ nL+1, with L+ 1 ≤M . Then,
M∑
k=1
akwnk = As
( N∑
k=1
akwnk
)
+
M∑
k=L+1
akwnk ,
and so we have∥∥∥
M∑
k=1
akwnk
∥∥∥
X
≤
∥∥∥(As
N∑
k=1
akwnk
)∥∥∥
X
+
M∑
k=L+1
|ak|ϕX(1).
Let α ∈ N be such that qα ≥ 2. From the lacunary condition, we have in both
cases that |L−M | ≤ α. Taking (2) into account, it follows that
∥∥∥
M∑
k=1
akwnk
∥∥∥
X
≤
∥∥∥As
( N∑
k=1
akwnk
)∥∥∥+ αC1ϕX(1)
∥∥∥
N∑
k=1
akwnk
∥∥∥
X
≤ (C + αC1ϕX(1))
∥∥∥
N∑
k=1
akwnk
∥∥∥
X
,
which shows that (wnk) is a basic sequence in X . 
Lemma 15. Let X be an r.i. space on [0, 1] and (wnk) a q–lacunary sequence of
Walsh functions. The following conditions are equivalent.
(i) The operator T : X → ℓ2 given by
(3) Tf :=
(〈wnk , f〉)k≥1
is continuous.
(ii) The continuous embedding G ⊂ X ′ holds.
Proof. (i)⇒ (ii) Assume that T : X → ℓ2 is continuous. Then, the adjoint operator
T ′ : ℓ2 → X ′ is continuous. Denote by (ek) the canonical basis of ℓ2. Let f ∈ X .
Then,
〈T ′ek, f〉 = 〈ek, T f〉 = 〈wnk , f〉,
and so T ′ek = wnk . Hence, for b = (bk)
∞
1 ∈ ℓ2, we have
T ′b = T ′
( ∞∑
k=1
bkek
)
=
∞∑
k=1
bk T
′(ek) =
∞∑
k=1
bkwnk .
Together with the continuity of T ′, it follows that∥∥∥∑
k≥1
bkwnk
∥∥∥
X′
= ‖T ′(bk)‖X′ ≤ ‖T ′‖‖(bk)‖ℓ2,
for all (bk) ∈ ℓ2. This condition, as in the proof of Theorem 11, implies G ⊂ X ′.
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(ii) ⇒ (i) If (wnk) is a q–lacunary subsequence of Walsh functions and G ⊂ X ′,
we have from Theorem 11 applied to X ′ that there exists a constant B(X ′, q) > 0
such that, for N ≥ 1, we have
∥∥∥
N∑
k=1
〈wnk , f〉wnk
∥∥∥
X′
≤ B(X ′, q)
( N∑
k=1
〈wnk , f〉2
)1/2
.
Let f ∈ X . Fix N ≥ 1. Then, from Ho¨lder’s inequality for X and X ′,
N∑
k=1
〈wnk , f〉2 =
∫ 1
0
f(t)
( N∑
k=1
〈wnk , f〉wnk
)
(t) dt
≤ ‖f‖X
∥∥∥
N∑
k=1
〈wnk , f〉wnk
∥∥∥
X′
≤ B(X ′, q)‖f‖X
( N∑
k=1
〈wnk , f〉2
)1/2
.
It follows that
( N∑
k=1
〈wnk , f〉2
)1/2
≤ B(X ′, q)‖f‖X, f ∈ X,
that is, ‖Tf‖ℓ2 ≤ B(X ′, q)‖f‖X, and so (i) is established. 
For n ≥ 1 and any 0 ≤ j, k ≤ 2n−1, since wk is constant on the dyadic intervals of
order n, we have that wk(I
n
j ) is well–defined and takes values 1 or −1. The following
property appears in [10, Theorem 2.b.4]:
wk(I
n
j ) = wj(I
n
k ), 0 ≤ j, k ≤ 2n − 1,
but no detail of its proof is given. For the sake of completeness, we give a proof of
this fact.
Lemma 16. For n ≥ 1 and 0 ≤ j, k ≤ 2n − 1, we have
wk(I
n
j ) = wj(I
n
k ).
Proof. The case when either k = 0 or j = 0 follows from the fact that wk(I
n
0 ) = 1
and w0(I
n
k ) = 1 for 0 ≤ k ≤ 2n − 1.
Fix n ≥ 1 and 1 ≤ j, k ≤ 2n − 1. Let
k = a12
0 + a22
1 + . . .+ an2
n−1, a1, . . . , an ∈ {0, 1},
j = b12
0 + b22
1 + . . .+ bn2
n−1, b1, . . . , bn ∈ {0, 1}.
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Fix x ∈ Inj , and denote by {t} the fractional part of t ∈ R. From
ri(x) = sign sin(2
iπx) = r1({2i−1x}),
we have
wk(x) = (r1(x))
a1 · (r2(x))a2 . . . (rn(x))an
= (r1(x))
a1 · (r1({2x}))a2 . . . (r1({2n−1x}))an .
(4)
Now we use the fact that x ∈ Inj if and only if
x =
bn
2
+
bn−1
22
+ . . .+
b1
2n
+ ε,
with 0 < ε < 1/2n. Then, for any 0 ≤ i ≤ n− 1,
{2ix} =
{
2i
(bn
2
+
bn−1
22
+ . . .+
b1
2n
+ ε
)}
=
{bn−i
2
+
bn−i−1
22
+ . . .+
b1
2n−i
+ 2iε
}
.
It follows that
r1({2ix}) =
{
1 if bn−i = 0,
−1 if bn−i = 1.
Hence,
r1({2ix}) = (−1)bn−i , 0 ≤ i ≤ n− 1,
which together with (4) implies that
wk(x) = (−1)a1·bn · (−1)a2·bn−1 . . . (−1)an·b1 .
The symmetry in ai and bi of the expression above implies that wk(I
n
j ) = wj(I
n
k ). 
We can now proceed to the proof of the main result.
Proof of Theorem 13. It is clear that (ii)⇒ (iii).
(i) ⇒ (ii) Let (wnk) be a q–lacunary subsequence of Walsh functions. From the
assumption that G ⊂ X ′, Lemma 15 implies that the operator T : X → ℓ2 in (3) is
continuous, that is, (∑
k≥1
〈wnk , f〉2
)1/2
≤ ‖T‖‖f‖X, f ∈ X.
Denote by P : X → [wnk ]X the projection
(5) f 7→ Pf :=
∑
k≥1
〈wnk , f〉wnk .
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From G ⊂ X and Theorem 11 we have
‖Pf‖X =
∥∥∥∑
k≥1
〈wnk , f〉wnk
∥∥∥
X
≤ B(X, q)
(∑
k≥1
〈wnk , f〉2
)1/2
.
It follows that
‖Pf‖X ≤ B(X, q)‖T‖‖f‖X, f ∈ X,
that is, the subspace [wnk ]X is complemented in X .
(iii) ⇒ (i) We follow the ideas in the proof of the complementability result for
Rademacher functions (Theorem 3) by Lindenstrauss and Tzafriri [10, Theorem
2.b.4]. Assume that (wnk) is a lacunary sequence with q > 1 such that [wnk ]X is
complemented in X . Then, there exists a bounded linear operator Q : X → [wnk ]X
with Q2 = Q. Since (wnk) is a basic sequence, there exists (qnk) ⊂ X∗ such that
Qf :=
∑
k≥1
qnk(f)wnk , f ∈ X.
Let n ≥ 1 and Xn be the linear subspace generated in X by the characteristic
functions of the dyadic intervals of order n. From the linear independence of the
Walsh functions and from the fact that wk is constant on the dyadic intervals of order
n for 0 ≤ k ≤ 2n − 1, we have that Xn coincides with the linear space generated by
{wk : k = 0, . . . , 2n − 1}, that is,
Xn =
〈{χIn
k
: k = 0, . . . , 2n − 1}〉 = 〈{wk : k = 0, . . . , 2n − 1}〉.
Let wm1 , . . . , wmN be the Walsh functions of the sequence (wnk) with order less
or equal than n. Note that N and m1, . . .mN depend on n. Denote by Qn the
restriction of Q to Xn, Qn : Xn → Xn, that is,
(6) Qn(f) :=
N∑
k=1
qmk(f)wmk , f ∈ Xn.
For 0 ≤ j, k ≤ 2n − 1, denote
θj,k := wj(I
n
k ).
Let Tj : Xn → Xn be the operator defined by
Tj(wk) := θj,kwk.
Since X is r.i. and the distribution function of f and Tj(f) coincide for f ∈ Xn, we
have ‖Tj‖ = 1 for 1 ≤ j ≤ 2n.
Denote by Pn : Xn → Xn the restriction of the projection in (5) to Xn, that is,
Pn(f) :=
N∑
k=1
〈wmk , f〉wmk , f ∈ Xn.
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We will prove that
(7) Pn =
1
2n
2n∑
j=1
TjQnTj .
From (5),
Pn(wi) =
N∑
k=1
〈wmk , wi〉wmk .
Since 〈wmk , wi〉 = δmk ,i, it follows that Pn(wi) = wi for i ∈ {m1, . . . , mN}. Otherwise,
Pn(wi) = 0.
On the other hand,
1
2n
2n∑
j=1
TjQnTj(wi) =
1
2n
2n∑
j=1
Tj
( N∑
k=1
qmk(θj,iwi)wmk
)
=
N∑
k=1
qmk(wi)
( 1
2n
2n∑
j=1
θj,iθj,mk
)
wmk .
Since Qn is a projection, we have from (6) that qmk(wi) = δmk,i. Thus, (7) follows
from
1
2n
2n∑
j=1
θj,iθj,mk = δi,mk .
Given integers k, n and m, we write k = n⊕m whenever the following relation holds:
wk = wnwm.
Then, from Lemma 16,
θj,iθj,mk = wj(I
n
i )wj(I
n
mk
) = wi(I
n
j )wmk(I
n
j ) = wi⊕mk(I
n
j ),
and so it follows that
1
2n
2n∑
j=1
θj,iθj,mk =
1
2n
2n∑
j=1
wi⊕mk(I
n
j ) =
1
2n
2n∑
j=1
1
m(Inj )
∫
In
j
wi⊕mk dm
=
∫ 1
0
wi⊕mk dm = δi,mk ,
which proves (7).
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Let us see that the operators Pn : Xn → Xn have uniformly bounded norm (in n).
From (7), since ‖Tj‖ = 1, we have for any f ∈ Xn that
‖Pnf‖Xn =
∥∥∥ 1
2n
2n∑
j=1
TjQnTjf
∥∥∥
Xn
≤ 1
2n
2n∑
j=1
‖TjQnTjf‖Xn
≤ 1
2n
2n∑
j=1
‖Qn‖‖f‖Xn ≤ ‖Q‖‖f‖Xn,
that is, ‖Pnf‖ ≤ ‖Q‖ for all n ≥ 1.
Next we show that G ⊂ X ′ follows from the fact that Pn : Xn → Xn have uniformly
bounded norm. Denote by Tn : Xn → ℓ2 the operator given by
Tnf := (〈wmk , f〉)Nk=1, f ∈ Xn.
From X ⊂ L1, there exists a constant C1 > 0 such that C1‖f‖L1 ≤ ‖f‖X for all
f ∈ X . Together with Theorem 4 for p = 1,
C1A(1, q)
( N∑
k=1
〈wmk , f〉2
)1/2
≤ C1
∥∥∥
N∑
k=1
〈wmk , f〉wmk
∥∥∥
L1
≤
∥∥∥
N∑
k=1
〈wmk , f〉wmk
∥∥∥
X
= ‖Pnf‖Xn
≤ ‖Q‖‖f‖X .
It follows, for some constant C2 > 0, that
‖Tnf‖2 ≤ C2‖f‖Xn, f ∈ Xn,
for all n ≥ 1. Thus, the adjoint operator
T ′n : ℓ
2 → X ′n
is bounded with ‖T ′n‖ ≤ C2, n ≥ 1. Since, for any (bk) ∈ ℓ2,
T ′n(bk) =
N∑
k=1
bkwmk ,
we have, as in the proof of Lemma 15, that
∥∥∥
N∑
k=1
bkwmk
∥∥∥
X′
≤ ‖T ′n‖
( N∑
k=1
b2k
)1/2
≤ C2
( N∑
k=1
b2k
)1/2
.
LACUNARY WALSH SERIES IN R.I. SPACES 17
Since this inequality holds for all n ≥ 1, we have∥∥∥∑
k≥1
bkwnk
∥∥∥
X′
≤ C2
(∑
k≥1
b2k
)1/2
.
This inequality, together with the embedding X ′ ⊂ L1 and Theorem 4, shows that
the subspace [wnk ]X′ is isomorphic to ℓ
2. From Theorem 11, this is equivalent to
G ⊂ X ′ .
Now we show that G ⊂ X . Let n ≥ 1. For f ∈ Xn and g ∈ X ′n,∫ 1
0
Pn(f) g dm =
∫ 1
0
( N∑
k=1
〈wmk , f〉wmk
)
g dm
=
N∑
k=1
〈wmk , f〉〈wmk , g〉
=
∫ 1
0
f Pn(g) dm.
Thus,∣∣∣
∫ 1
0
f Pn(g) dm
∣∣∣ =
∣∣∣
∫ 1
0
Pn(f) g dm
∣∣∣ ≤ ‖Pn(f)‖X‖g‖X′ ≤ ‖Q‖‖f‖X‖g‖X′.
It follows that
‖Png‖X′n = sup
{∣∣∣
∫ 1
0
f Pn(g) dm
∣∣∣ : ‖f‖Xn ≤ 1
}
≤ ‖Q‖‖g‖X′n.
The argument above, together with X ′n in place of Xn, shows that G ⊂ X ′′ follows
from the fact that Pn : X
′
n → X ′n is uniformly bounded. Thus, for the separable
parts we have that G0 ⊂ (X ′′)0. Since (X ′′)0 = X0 it follows that
G = G0 ⊂ (X ′′)0 = X0 ⊂ X,
which concludes the proof.

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